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1. Introduction 


In the last decade, some new generalizations of well known positive linear operators based on q-integers were 
introduced and studied by several authors. Stancu type generalization of positive linear operators studied by 
several authors iEI [l^ . [m | and references therein. Our aim is to investigate some approximation properties of a 
Kantorovich-Stancu type q-Beta operators. Discrete Beta operators based on q-integers was introduced by Gupta 
et al. in [l[ and they established some approximation results. They also obtained some global direct error estimates 
for the operators (ED using the second-order Ditzian-Totik modulus of smoothness and defined and studied the 
limit discrete q-Beta operator. 

Gupta et al. [l| introduced discrete q-Beta operators as follows: 


OO 


Vn,q{f(t)]x) = Vn{f{t)]q\x) = -r^ } Pn,k{q\x)f 




[k]. 


1 ] 99 ' 


k-l 


( 1 . 1 ) 


where 


Pn,k{q;x) = 


^k{k—l)/2 


Bg{k + l,n) (1 + ■ 


( 1 . 2 ) 


Also, they gave the following equalities: 

14,(1; q; ic) = 1, Vn(t\q\x)=x for every n G N and 

In the recent years, applications of q-calculus in approximation theory is one of the interesting areas of research. 
Several authors have proposed the q-analogues of Kantorovich type modification of different linear positive operators 
and studied their approximation behaviors. 

In 2013 Mishra et al. 0 introduced Kantorovich-type modification of discrete q-Beta operators for each positive 
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integer n, q G (0,1) as follows: 





Pn,k{q]x) 

q2k-l > 


(1.3) 


where / is a continuous and non-decreasing function on the interval [0, c»), x G [0, oo). 

It is seen that the operators are linear from the definition of g-integral, and since / is a non-decreasing 
function, g-integral is positive, so are positive. 

The aim of this paper is to present a Kantorovich-Stancu type generalization of the operators given by m 
and to give some approximation properties. 

Kantorovich-Stancu type generalization of the operators (IE3I is define as follows: 


where Pn,k{q\x) is define as in (11.21) . 


[n -I- /3 -I- l]g / [n],;f-|-a 


j ^Pn,k{q;x) 
q2k-i ’ 


(1.4) 


2. Preliminaries 


To make the article self-content, here we mention certain basic definitions of g-calculus, details can be found in 
ii and the other recent articles. For each nonnegative integer n, the q-integer [n]q and the g-factorial [n\q\ are, 
respectively, defined by 


i-g" 

1-9 ’ 

n, 


9 1 , 

<1 = 1 , 


and 


/ [n]q[n- l]q[n-2]q...[l]q, n = l,2,..., 

\ 1, n = 0. 


Then for q > 0 and integers n, fc, fc > n > 0, we have 


We observe that 


[n + l]q = I A-q[n]q and [n],-|-g”[fc - n], = [fc],. 


i^+x)q = {-X-,q)n = 


Also, for any real number a, we have 


(1-I-a;)(l-b ga:)(l-I-g^a;)...(l-I-g" ^x), n = l,2,..., 

1, n = 0. 


(\ -L ^ _ 

^ (l + g“x)-' 

In special case, when a is a whole number, this definition coincides with the above definition. 
The g-Jackson integral and g-improper integral defined as 


and 


pa oo 

/ f{x)dqX = (1 - g)a ^ f{aq^)q'^ 

•^0 n=0 

l-oo/A /n^\ 

f{x)dqx={l-q)a^f \^—j 


provided sum converges absolutely. 
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3. Basic results 


Lemma 1. 


The following hold: 


fi) ^ 1 * 9 ( 1 ;'?;a;) = 1 , 

(ii) Vn.g (t;q;x)=x + [ 2 ^^ ’ 

Now we give an auxiliary lemma for the Korovkin test functions. 
Lemma 2. Let em{t) = t™, m = 0,1, 2. we have 
(i) d'n'^\\]q\x) = 1, 

I gWq+a[2]<, ["+!]<, 

(nj L.n [l,q,X) - + [ 2 ],([„]^+^)[„+i]^: 


„(n-2) 


n+2]^ 


iln],+py h+l]<2 


(Hi) Cif‘’^\t'^;q;x) = 

2qln]ga _ 

[2],[n+l],(N,+/3)2 ([n],+/3)2 j' 

Lemma 3. For f S Cp, 1], we have 
Lemma 4. From Lemma\^ we have 


„2,l l"l^ I (2g+l) 1 I 2[nUa \ / Inj- g 

^ (W,+/3)n[n+l], +[3],[n+1],/+([«],+/3)2 ) 3^+I ([„],+,3)2 [3],[n+l]2 + 


(2g+l) 


2[n]qa 


< 


£ 


a./3) 


(d _ rr\- n- — ( ["]g _ 1 1 -r -I- [2],[»+!]<; 

a;j,9,xj - a; + [2],([n],+/3)[n+i], ’ 


£ 




- I [n+2], , 2[n], \ 2,/^ M" , (29+1) 1 , 2W,a 2 (g[n],+«[2], [n+1],) 

Ur a;; ,g,a;j - ^ +i [n],+l3 )^ +[ i[n],+l3y \ln+l], +[SUn+l], n {[nU+py [2],(H,+/3)[n+l], 

29h 


(N7+^ TsJTh+llf [2]9[n+l]<j(Ng+/3)^ ([n]<,+/3)^ J ' 

emma 5. For 0 < a < /3, we have 

f‘'^\(t-xf-q]x) < (</>^(a^) + [ 3 ]^[^+i] Y w/iere (?!>2(a;) = x{l+x). 


Proposition 1. Let / be a continuous function on [0, oo) then for n —)> oo, the sequence {£l“’^^(/; q; x)} converges 
uniformly to f{x) in [a, &] C [0,oo). 

Proof. For sufficiently large n, it is obvious from Lemma[2]that {£l“’^^ (cq; q]x)}, {d:a’^\ei-,q\x)}, {d'n'^\e 2 --,q-,x)} 
converges uniformly to 1, x and x^ respectively on every compact subset of [0,oo). Thus the required result follows 
from Bohman-Korovkin theorem. 


4. Some auxiliary results 

Let the space Csp, oo) of all continuous and bounded functions / on [0,oo), be endowed with the norm ||/|| = 
sup{| f{x) \: X £. [0, oo)}. Further let us consider the Peetre’s K-functional which is defined by 

K^{f, 5 )= inail/- 5 l|+%"||}, ( 4 . 1 ) 

where 5 > 0 and = {<7 G Cb[0, oo) : g', g" G Cap, oo)}. By the method as given (i p.l77, Theorem 2.4), there 
exists an absolute constant C > 0 such that 


K2U,S)<CuJ2{f,S), 


(4.2) 
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where 


W2(/,(5)= sup sup \ f{x + 2h)-2f{x + h) +f{x)\ (4.3) 

0<h<5 a;G[0,oo) 

is the second order modulus of smoothness of / G oo). Also we set 


uj{f, S) = sup sup I f{x + h)- f{x) I . (4.4) 

0<h<6 xG [0,oo) 

We denote the usual modulus of continuity of / G Cb[0, oo). 

Theorem 1. Let / G Cb^jOc), then for all x G [0, oo), there exists an absolute constant C > 0 such that 

- f{x)\ < Cuj 2 (/, \/Sn{x) + (a„(a:))2^ + uj{f,a„{x)). (4.5) 

Proof. Let g G and x,t € [0, oo). By Taylor’s expansion, we have 

g{t) = g{x) + g'{x){t - x) + f (t - u)g"(u)du. (4.6) 


Define 


(/> x) = if, q; x) + fix) - figix, q)). 


(4.7) 


„,-U- ( -^ , qln]„+al 2 ]gln+l]g 

where q(x, gj - + \2\g[\n\g+P)\n+l\g- 

Now, we have d'nfq\t — x,x) = t), t & [0,oo). 
Applying on both sides of (14.61) . we get 


x) - gix) = g'ix)d-^f\it - x), x) + 


— rio‘,0) 

^•n 


it — u)g"iu)du, X 


■]q^ g[n]q + a[2]q[Ti. + l]q 


it — u)g"iu)du, X 


■[r,l, + /3 + l2J,{lnJ,+^i)ln + lJ, / \n\nX (?[ul „ + Of [2] „ [u + 1] „ 
N;T^+[2],([n], + ^)[n + l], 


— u I g"iu)du. 




x)-9ix)\ = / lit- u)\\g"iu)\du,x 


+ 


[^] g ^ I g['>^]g + a [2] g [T^ + l]q 
[■n]q + 0 [2]q([n]g+/3)[n + l]q 


[n]qX q[n]g + a[2]g[n + l]g 


< /:^«((^-x)^x)||g" 


[n\q + l3 [2]gi[n\g +/3)[n + l]c 

[n]gX g[n], + Q![2],[n + 1],; 


— u 


[n\q + l3 [2]gi[n\g +/3)[n + l]g 


\g"iu)\du 
2 

Il5"l|. 


On the other hand from Lemma [5l we have 


{it-x)‘^,x) 


< 


< 


[n + l]g 
([n], + /3)2 
4[ri.+ l]g 
i[n]g + 0)^ 



/ [n]gX q[n]g + a[2]g[n + l]g _ \ ^ 

V[n]9 + ^ [2]g i[n]g + I3)[n + l]g ) 

q \ f -Px q[n\g + a[2\q[n + l\q \ ^ 

[n+l]q) VW 9+/3 [P\q{[n]q+ P)[n+l]q) 

^ \ 

mn+l]) 
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Thus, one can do this 


- gix) 


< 


< 


4[n + l]q I 2 


{[n], + P? 


(f) (x) + 


[3],[n + 1] 


IW 




i[nh + pr 


Where S'^{x) = , we observe that, 


- /(x) 


< 


9, x) - if-g){x) 


- gix) 


fix) - f 


[n\qX q[n]q + a[2]q[n + V\q 


- Il/~gll + n^^^Jb.2 ^lix)\\9''\\+^{f-. 

imq + P)^ \ 

Now, taking infimum on the right-hand side over all g € W'^, we obtain 


n]q + P [2]q{[n]q + P)[n + l]q 

-Px q[n]q + a[2]q[n + l]q 


[n]q + P [2]q{[n]q + P)[n + l]q 


(4.8) 


^lP’^Hf,g',x) - /(x) 


< ^2 /, 


4[n -|- l]q 


{[n]q+P) 


2 n V 


6l{x) +W /, 


-px g[n],-b Q![2],[n-b 1]^ 


[n]q + P [P\qi[n]q + P)[n + 1],, 


Cujo 


, 2[n+l]‘‘''"b , ,, , I, 


{[n]q + P) 


and so the proof is completed. 


5. Weighted approximation 

In this section, we obtain the Korovkin type weighted ^proximation by the operators defined in (11.411 . The 
weighted Korovkin-type theorems were proved by Gadzhiev [7|. A real function p = 1 -b x^ is called a weight function 
if it is continuous on K and lim p{x) = oo, p{x) > 1 for all x G K. 

I^l^oo 

Let Bp{'R) denote the weighted space of real-valued functions / defined on R with the property | /(x) |< Mf p{x) 
for all X £ R, where M/ is a constant depending on the function /. We also consider the weighted subspace C'p(R) 
of Bp{R) given by C'p(R) = {/ G i3p(R): / is continuous on R} and Cp[0, oo) denotes the subspace of all functions 
/ £ C'p[ 0 ,oo) for which lim exists finitely. 

|a:|-)-oo 

Theorem 2. (See 0/ and Un 

(i) There exists a sequence of linear positive operators A„((7p —>■ Bp) such that 

lim ||A„(()i‘') - ^""llp = 0, v = 0,1,2 (5.1) 

n—¥oo 

and a function f* £ Cp\C* with lim ||A„(/*) — f*\\p > 1. 

(a) If a sequence of linear positive operators An{Cp —>■ Bp) satisfies conditions i5.1\) then 

lim \\Anif) - /lip = 0 , for every f £ C*. (5.2) 

n—^oo ^ 

Throughout this paper we take the growth condition as p{x) = 1 -b x^ and p.y{x) = 1 -b x^+'’', x £ [0, oo), 7 > 0. 
Now we are ready to prove our next result as follows: 
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Theorem 3. For each f G C^pjOc), we have 

lim ||4“’«(/)-/||p = 0. 

n—¥oo 

Proof. Using the theorem in Q we see that it is sufficient to verify the following three conditions 

lim - xHIp = 0, r = 0,1,2. 

n—^oo 

Since, q; x) = 1, the first condition of (15.3|) is satisfied for r = 0. Now, 

dh’^\t]q]x) - X I 


- x\\p = sup 


rcG[0,oo) 


< sup 


1 + x'^ 


X 


-p 


[0,oo) 1 “t“ ^ 

0 as [n]q —>■ 00. 


[n\q + P 


[2]q([n]q + P)[n + l]q 


Finally, 


- x^llp = sup 


aiG[0,oo) 




■ sup 

xG [0,oo) 


1 + a;^ 


ni 


[n]l g("-^)[n + 2]t 
([n]q + /3)2 [n + 1 ], 

Ng f (2g+l) 2M,a 

i[n\q + P)^^[n + 2]q [3]5[n+l]q^ [n\q + P 

q 2q[n\qa 


{[n]q+pr[3]q[n+l]l [2]q[n+l]q{[n]q + PY {\n]q + py 

0 as [n]q —>■ oo. 


Thus, from Gadzhievs Theorem in Q we obtain the desired result of theorem. 
We give the following theorem to approximate all functions in (73,2 [0,oo). 

Theorem 4. For each f G (72,2 [0,oo) and a> 0, we have 


,. I-/(x) I 

hm sup --^-TT- = 0 . 

"->°°xG[ 0 .oo) {l+X^y+°‘ 


Proof. For any fixed a:o > 0, 

^^n’^\f;q;x) - f{x) 


sup 

xG [0,oo) 


(1 + a; 2 )^+'= 


^ \ - f{x) \ ^ \ ct''^\f-,q;x) - f{x) 

- (l + cr2)i+« (l + x2)i+« 

< iid“^«(/) - /iicio,„i+ ii/iu- sup ' ' 


sup 


fix) 


(5.3) 


□ 


>^;(i + x2)i+«- 

The first term of the above inequality tends to zero from Theorem [SJ By Lemma [IJii) , for any fixed xq > 0 it is 
easily seen that sup 2 ,> 2 ,|j tends to zero as n —>■ oo. We can choose xq > 0 so large that the last part 

of the above inequality can be made small enough. Thus the proof is completed. □ 
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6. Error Estimation 


The usual modulus of continuity of / on the closed interval [0, b] is defined by 


W6(/,(5)= sup |/(t) -/(a;)|, 6 > 0. 
|t—a;| <(5, [0,fc] 


It is well known that, for a function f G E, 


lim u}b{f,S) = 0, 
(5—>0+ 


where 


E := < f G C[0, oo) : lim 


fix) 


is finite 


x^oo 1 “ j 


1 . 


The next theorem gives the rate of convergence of the operators to /(x), for all f G E. 

Theorem 5. Let f G E and uib+i{f, S) be its modulus of continuity on the finite interval [0, & + 1] C [0, oo), where 
b > 0. Then we have 


- f\\c[oM < Mf{l + 62)d„(6) + 2u;b+i (/, 

Proof. The proof is based on the following inequality 

T x) - /II < M/(l + ((t - x)\x) + 1^1 + j). 

For all (x, f) G [0, 6] x [0, oo) := S. To prove (16.11) . we write 

5” = U S '2 := {(a:, t) : 0 < a: < 6, 0 < t < 6 + 1} U {(a:, t) : 0 < a: < 6, t > & + 1}. 

If {x,t) S S'!, we can write 


( 6 . 1 ) 


|/(t) - /{a;)| < ujb+iif, |i - a:|) < 1 + 




Wb+i(/, 5) 

where 5 > 0. On the other hand, if (a;, t) G S 2 , using the fact that t — a; > 1, we have 

\fit)-fix)\ < Mf{l + x^ +f) 

< Mfil + Sx'^ + 2{t- x)^) 

< Nf{l + b^)it-x)^ 

where Nf = 6Mf. Combining (16.21) and (16.3L we get (16.ip . Now from (16.ip it follows that 

- fix)\ < Nf{l + b‘^)Clf‘’^\it-x)^,q;x)+ ^1 + ^ ^ a;b+i(/, d) 

< Nf{l + b^)CtP\it-x)\q;x)+(^l+ ^^'^"'^^^^^^ j u;b+iif,S). 


( 6 . 2 ) 


(6.3) 


By Lemma El we have 


ci^’^Ht-x)^ <s^{b). 


q;x) - /II < iV;(i + b^)S^ib) + h + j ujb+iif,5). 
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Choosing 6 = we get the desired estimation. □ 

Now, we give some estimations of the errors — /|, n G N for unbounded functions by using a weighted 

modulus of smoothness associated to the space i?p^(R+). The weighed modulus of continuity V,p^{f] 6) was defined 
by Lopez-Moreno in [HI- We consider 




\f{x + h) - f{x)\ 
x>o,o<h<s 1 + (a; + 


(5 > 0,7 > 0 . 


It is evident that for each / G Bp^{R+), •) is well defined and 


np4f-,6)<2\\f\\p^. 

The weighted modulus of smoothness np^(/;-) possesses the following properties. 
(0 < (A + > 0,A > 0 

(**) nS) < nUp^ {f;S), n G N 

{in) limflp (/;5) = 0. 

o —>-0 

Now, we are ready to prove our next theorem by using above properties. 
Theorem 6. For all non-decreasing f G i3p^(]R+), we have 


\Ct^Hf,q;x)-f\< 



X > 0, 5 > 0, n G N, where 


(6.4) 


:= 1 + (x + |t - x|)^+'^, 4'a;(t) := \t - x|, t> 0. 


Proof. Let n G N and f G Bp (M+). From (16.4p , we can write 


\fit)-f{x)\ < (^l + (x+|t-x|)2+'^^(^l + i|t-x|^np.^(/;5) 


= Vx,'iit)[l + -^^x{t)]^p^{f]6). 


Now, applying operator on above inequality, we get 


< ^P-, (/; q; x) + ^ ; g; x^ ^. (6.5) 


By using the Cauchy-Schwartz inequality, we obtain 


r(a,l3) I ^x,'i'^x 




2 \ 'I 1/2 

;x 


1/2 




1/2 


Now, by (16.51) . we get 


\Jd'n'^\vl^^\q]x) + ^\J6n’'^\'^l]q]x'^ np^{f;S). 


\Ct^Hf,q;x)-f\< 










□ 


Theorem 7. Let 0 < a < 1 and E be any bounded subset of the interval [0,oo). If f & Cb[ 0, c») P| then 

we have 


- f(x) 


< B{S^{x) + 2{d{x,E))‘^}, 


where L is a constant depending on a, d{x; E) is the distance between x and E defined as 

d{x; E) = inf{\t — x\]t & E and x € [0, oo)}, 

and Sn{x) is as in m- 

Proof. From the properties of the infimum, there is at least one point to in the closure of E, that is to S E, such 
that 

d{x, E) = |to — x\. 

By the triangle inequality we have 

f{t) - f{x) < f{t) - /(to) + /(to) - f{x) 

And 


- f(x) 


< £(“’«(|/(t)-/(x)U) 




— *^n 

< B 

< B 


,x 




fit) - /(to) 
Ci^’^H\t-tor,x) + \to-x\^ 
^in’^H\t-to\°',x)+2\to-X 


fito) - fix) 


holds. Here we choose pi = — and p 2 = — + — = 1. Then from well-known Holder’s inequality, we 


have 


- f{x) 


< B 


(|t - xr\x)] iV\x)] + 2|to - : 


(|t-xp,a:) ^^V2|to-; 


= B 

= B{Sl^/^{x)+2idix,E))^}. 


This completes the proof. 


□ 


7. Global approximation 

For / G Cp, 1 -f a], the Ditzian-Totik moduli of smoothness of the first and second order are given by 

wv.(/,<J)= sup sup \ f{x Phipix)) - f{x) \ (7.1) 

0<h<VS x+h'4>{x)^[0,l+a] 

and 

uj 2 if,VS)= sup sup \ f{x + h4){x)) — 2f{x) + f{x — h(j}{x)\ \ (7.2) 

0</i<V5®±^'t(2:)6[0.1-l-a] 
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respectively and the corresponding itT-functional is defined as 


S) = infill/ - g|| + SWAg'W + <5^ll5"ll : 9 & 

where 5 > 0 and W'^A) = {g € Cp, 1 + a] : 5 ' G AC[0 ,1 + a\,A9" G CIO, 1 + a]} and g' G ACioA, 1 + a 
that g is differential and g' is absolutely continuous on every closed interval [0,1 + a]. It is well known ([ 
Theorem 1.3.1) that 

K2Af.^)<c4u, 

where tp is being admissible step-weight function on [ 0,1 -|- a]. 

Theorem 8 . Let / G CIO, 1 -|- a] with q G (0,1). Then for every x G [0,1] we have 


- f(x) 


< CojUf, 


[n + l]y^ 


+ 1 ^ 1/1 fl 


{n + A 


Proof. Defining the operators £(“’^1 as in ( 14.7p for the function g G IT^(^), we have 


- gix) 


< I 


— *^n 


{t — v)g''{v)dv 


,q,x 


[n]qX I (7[n]g-fQ:[2]g[n4-l]g ^ _ _ 

FW+[2lg(Hg+^)[n+llg / 


No + /3 


gVAq + a[2]q[n + l]q 


- v) ]g''{v)dv 


[2]o(No + /3)[n -I- l]g 

Since the function S^x) is concave on [0,1], for n = t -|- t(x — t),T £ [0,1] we obtain 


\t-^ 


'-t\ 


< 


:-t\ 


< 


\t-- 


S^n(v) 6^n(t + t(x - t)) SA(t) + t(SA(x) - S^i)) 


Now using (17.51) 


^u'^Hg,g',x) - 9(x) 


< £i“’^)| 


(i-v) 


dv 


[^] g ^ _|_ g[^] g +0![2]g [n + l] g 

nYq+0 [2]g([n]g-f/3)[n + l]g 


g.^]\\slg''\ 

Mg a: oMq+Q[2]gh+l]g 


[n],+/3 ^ [ 2 ],([n] 5 +^)[n+l], 




dv 


2 Af\ 


\K9‘ 


< 


Al^’^\it-xf',g,x)\\Slg''\\ + 


[n]qX ^ q[n]q + a[2]q[n + l]q 

“r r^n / r 1 r ^ 


dl{x) " > > n Slix)\[n]q + f5 [2]q{[n]q + /3)[n + l]q 

from Lemmainiand ||i5^N(3;)|| < \A9"\ + [Ai] '''^here x G [0,1], we get 


^i^’^Hg,g',x) - g{x) 

Using (17.61) . we have for / G Cp, 1 -I- a] 


< 


[n -I- l]g I 


(n -I- /3)'^ 


I 'I 

19 9 


{n + py 


r|l5"l 


(7.3) 
means 

1 P-24, 

(7.4) 


(7.5) 


)Vn5' 

(7.6) 
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- fix)\ < - g,q,x)\ + \C^^’^\g,q,x) - g{x) \ + \g{x) - f{x)\ 

[n]qX q[n]q + a[2]q[n + l]q 


[n]q + P [2]q{[n]q + I3)[n + 1]^ 


- f{x) 


([n], +/3)2 

< 4||/-g|l + I^^||,^Vll + 


< C(||/-5||+<5||<^V'll+^"ll5" 


q[n + 1] 


i[n]q+^r 

[n + 1]^ 


’ Il5"l 




n n + au n n 


[ 2 ], 


il ii„" 


Il5" 


[n]qX q[n]q + a[2]q[n + l]q 


n\q+/3 [2]q{[n\q + I3)[n + l]q 

- f{x 


W 9 + /3 [2]g(Nq + /3)[n + l], 


[n]qX q[n]q + a[2]q[n + \]q 


Hq+P [2]q{[n]q + P)[n + l]q 

where 5 = Taking the infimum on the right hand side over all g S IT^(^), we get 


- fix) 


\ci^’^\f,q;x)-fix)\ < ++/(^ 


[n]qX q[n]q + a[2]q[n + l]q 


[n\q + P [2]g(Wg + /3)[^^ + l]9 


- fix) 


■ (7.7) 


Now, 


Q[n]q + aMqln + l]q 

[2]9(Wg + P)[n + l]^ 


- fix) 


Hence by (17.11) and (17.71) 


/ x + ip{x). 


-^x[2]q[n+ 1],; + q[n]q + a[2]q[n + 1]^ 
^ix)i[2\qi[n\q + P)[n + l]q)) 


- fix) 


< 


sup 


f{t + 


J. J. I { -^3^[2]q[n + l]g + g[Ti]g + a[2]g[n + l]g ] ^ 

-^(*)([2l,([nl,+/3)[„ + ll,))- 1610.1+Pl 

f -I3x[2]q[n + l]q + q[n]q + a[2]q[n + l]q . _ 

^ \ f’ix)i[‘2]qi[n]q + P)[n + l]q)) 

-I3x[2]q[n + l]q + q[n]q + 0![2]g[n + l]q 
^{x)i\2]q{[n]q + j3)[n + l]q)) 


< /, 


< /, 


(n + /3)y 


\^^n’^\f,<l]x)- f{x)\ < Cu}^ ^/, ^ + a;,/, ^/, 


in + l3)J' 


which complete the proof. □ 

Motivation and applications 

In recent years, applications of q-calculus in the area of approximation theory and number theory have been an 
active area of research. The approximation of functions by linear positive operators is an important research topic in 
general mathematics and it also provides powerful tools to application areas such as computer-aided geometric de¬ 
sign, numerical analysis, and solutions of differential equations. g-Calculus is a generalization of many subjects, such 
as hypergeometric series, complex analysis and particle physics. Currently it continues being an important subject 
of study. It has been shown that linear positive operators constructed by g-numbers are quite effective as far as the 
rate of convergence is concerned and we can have some unexpected results, which are not observed for classical case. 

Conclusion 

By using the notion of g-integers we introduced Kantorovich-type discrete g-Beta operators and investigated some 
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local and global approximation properties of these operators. We obtained the rate of convergence by using the 
modulus of continuity and also established some direct theorems. These results generalize the approximation results 
proved for Kantorovich-type discrete q-Beta operators which are directly obtained by our results for q = 1. 

The results of our lemmas and theorems are more general rather than the results of any other previous proved 
lemmas and theorems, which will be enrich the literate of applications of quantum calculus in operator theory and 
convergence estimates in the theory of approximations by positive linear operators. The researchers and professionals 
working or intend to work in the areas of analysis and its applications will find this research article to be quite 
useful. Consequently, the results so established may be found useful in several interesting situation appearing in 
the literature on Mathematical Analysis, Applied Mathematics and Mathematical Physics. 
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